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Abstract
We examine a complete framework of the time-dependent Ginzburg-Landau equation coupled with the Maxwell and
heat-diﬀusion equations. The heat-diﬀusion equation can be derived from the free energy conservation law, and both
superconducting and normal components are proven to contribute to the heat diﬀusion. Based on the framework, we
perform numerical simulations of a superconducting thin ﬁlm and show that collisions between vortices and antivor-
tices bring remarkable production of Joule heat.
c©2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of ISS Program Comitte.
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1. Introduction
Superconductivity plays a crucial role for lossless electric device applications [1], coherent terahertz emission de-
vices [2, 3], and high-sensitive detectors [4], and so on. To understand non-equilibrium superconducting physics is
one of the most important issues for developing these superconducting applications. So far, heating eﬀects in su-
perconductivity have been frequently studied in the linkage of nonequilibrium dynamics of superconducting states
including normal-state spots. The roles of both the superconducting and normal components were pointed out, e.g.,
in Refs. [5, 6, 7, 8, 9]. However, the inﬂuence of Joule heat has not been systematically examined in various super-
conducting systems relevant with the above superconducting applications. Since vortex core size can be comparable
with their sample size in recent nanoscale superconducting systems, such an analysis taking Joule heat into account is
highly desirable.
In this paper, we numerically examine the eﬀects of Joule heat in a superconducting transport phenomenon in su-
perconducting narrow strips. One way to treat Joule heat in superconductivity is to use the time-dependent Ginzburg-
Landau equation with heat-diﬀusion [10]. Although the basic theoretical framework has been established, its im-
plementation to nanoscale devices is a tough numerical task. We perform full three-dimensional simulations of an
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elementary process, i.e., vortex and antivortex nucleation and their dynamics with bias current, in a superconduct-
ing narrow strips. Our simulations reveal that collisions between vortices and antivortices bring about remarkable
Joule heat. The heating damage changes the superconducting transport properties. Thus, in such narrow systems, we
suggest that there are signiﬁcant eﬀects coming from Joule heat associated with vortex motions.
2. Time-dependent Ginzburg-Landau equation with heat diﬀusion
We reformulate the TDGL theory with heat diﬀusion according to Ref. [10]. Throughout this paper, we assume
that both superconducting and normal components are their local equilibrium states. Using the free energy densities
for the superconducting ( fS) and the normal ( fN) states, the free energy conservation law in a ﬁnite region V reads
d
dt
∫
V
dx( fS + fN) =
∫
V
dxs(t, x) , (1)
where s is a source term. For the superconducting component, we introduce the Gintzburg-Landau (GL) free energy
density
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where A is the vector potential,  represents the superconducting order parameter, e∗ = 2e and m∗ = 2m with electron
mass m. The coeﬃcient in the quadratic term is a = a′[1 − T (t, x)/Tc], while in the quartic term b can be regarded as
a constant [11]. The local temperature ﬁeld reads T (x, t). The order parameter obeys the TDGL equation
−Γ∂
∂t
=
δ
δ
∫
V
dx fS(x, t) , (3)
where Γ is the diﬀusion constant. The TDGL equation is coupled with the Maxwell equation
∇ × B = 4π
c
j , (4)
where the current j is composed of the normal current jN = σE with electric conductance σ and the supercurrent
jS = (e∗/m∗)Im∗∇ − (e∗/m∗c)||2 A . The eﬀect of the bias current jbias can be included as a boundary condition
on B , because the bias current can make a magnetic ﬁeld only on the surface of the system.
As for the normal component, we deﬁne a temporal variation of the local temperature and a heat current as
d
dt
∫
V
dx fN ≡
∫
V
dx
[
CV
∂T
∂t
+ ∇ · jN
]
, jQN = −κN∇T , (5)
where CV and κN are the speciﬁc heat for ﬁxed volume and the thermal conductivity. For the superconducting com-
ponent, using the TDGL and Maxwell equations, we obtain
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From Eqs.(1), (5) and (6), as V → 0, we now obtain a phenomenological heat-diﬀusion equation for the local temper-
ature
CV
∂T
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+ ∇ · ( jQN + jQS ) − 2Γ
∣∣∣∣∣∂∂t
∣∣∣∣∣
2
− σ
c2
(
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)2
+ ∇ · S = s . (8)
Hereafter, we assume the heat-balance relation with respect to the superconducting part −2Γ |∂t|2 + ∇ · jQS = 0 and
drop the radiation term ∇ · S for simplicity. Thus, we ﬁnd that Eq. (8) is equal to a standard heat-diﬀusion equation
with Joule heat (σ/c2) (∂t A)2[6, 5].
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Figure 1: Heating eﬀects via vortex-antivortex pairs. At three time steps (39 × 104, 66 × 104, and 78 × 104), the snapshots of the superconducting
gap (a) and the local temperature (b) on the top surface are shown. Figure (c) show the local temperature on the line of y/ξ = 25 at the time step
78 × 104 . In (c), we ﬁnd that local temperature increase generated by the collisions between the vortices and the antivortices.
3. Numerical Results
We simulate the dimensionless TDGL, Maxwell and heat-diﬀusion equations given as, respectively,
−Γ∂
∂t
= (−i∇ − A)2 − (1 − T ) + ||2 , (9)
κ∇ × B = −∂A
∂t
+ Re[∗(−i∇ − A)] , (10)
CV
∂T
∂t
− κN∇2T − 2
(
∂A
∂t
)2
= α (TW − T ) f (x) , (11)
where κ is the GL parameter. The spatial and temporal variables are normalized by the coherence length ξ = ξ(T = 0)
and t0 = π/96kBTc . The order parameter, the vector potential, the magnetic ﬁeld, and the local temperature ﬁeld
are normalized as, respectively, A → (e∗ξ/c)A , B → B/Hc2 ,  → /∞, and T → T/Tc , where Hc2 is the upper
critical ﬁeld at T = 0 and ∞ is the gap function at T = 0 for a uniform system. The dimensionless diﬀusion constant
Γ is 12 in dirty limit[12, 13] . The speciﬁc heat CV and the thermal conductivity κN are normalized by C0 = kB/ξ3h
and κ0 = C0(ξ/t0)ξ , where ξ3h = (4πkBTc/H
2
c ) with the thermodynamic critical ﬁeld Hc at T = 0 . The right-hand side
(source term) in Eq.(11) represents the heat absorption via a heat sink with ambient temperature TW normalized Tc
and α is a coupling constant between the superconductor and the heat sink. In this work, we assume f (x) = 1 on the
surface of the system and f (x) = 0 for the other region.
We simulate the dynamics of the order parameter when the bias current ﬂows along x-axis. We focus on the
behavior with the dimensionless bias current jbias = 0.118. Vortex-antivortex pairs enter the superconductor in this
case, as shown below. In the simulations, the system size is 34ξ × 34ξ × 0.8ξ (i.e., a superconducting narrow strips).
The spatial mesh size and the temporal increment are taken as Δx/ξ = Δy/ξ = 0.5 , Δz/ξ = 0.2 and Δt/t0 = 0.01 .
The input parameters are taken as Tc = 10K , Hc2 = 100 kG , κ = 2 , TW = 0.3 , C = 5.024 × 10−3 , K/C = 0.72 and
α/C = 125 .
Let us now show the simulation results. Figures 1(a) and (b) show, respectively, the snapshots of the supercon-
ducting gap and the temperature ﬁeld at three diﬀerent time steps (38 × 104, 66 × 104, and 78 × 104). In the earlier
stage (38 × 104), as shown in Fig. 1(a), the vorticies and the antivortices begin entering, respectively, from the upper
and lower edges in the superconductor. Next, as seen in the middle panel of Fig. 1(a), they gather into the central area
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of the superconductor. Then, their collisions occur at 78 × 104. As shown in Fig. 1(b), large Joule heat arises inside
the normal-state cores of the vortices and the antivortices. We ﬁnd that large heating occurs through the collisions
between vortices and antivortices. Remarkably, the peak value of the local temperature reaches about 180 percent of
the ambient temperature TW as shown in Fig. 1(c) .
4. Summary
In this paper, we theoretically formulated the TDGL equation coupled with the heat-diﬀusion and the Maxwell
equations and numerically examined heat damage in a superconducting thin ﬁlm with a constant bias current. Our
simulations showed the signiﬁcant heating eﬀects from the collisions between vortices and antivortices in current
carrying states. On the basis of the present study, we will examine various superconducting transport phenomena with
Joule heat. It is interesting to investigate the radiation of electromagnetic wave from superconductor with the local
temperature ﬂuctuation, for example [9]. A full numerical calculation of Eq. (8) is also future work.
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